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For classical systems, expectation value of macroscopic property in equilibrium state can be typically pro-
vided through thermodynamic (so-called canonical) average, where summation is taken over possible states in
phase space (or in crystalline solids, it is typically approximated on cofiguration space). Although we have a
number of theoretical approaches enabling to quantitatively estimate equilibrium properties by applying given
potential energy surface (PES) to the thermodynamic average, it is generally unclear whether PES can be sta-
blly, inversely determined from a given set of properties. This essentially comes from the fact that bidirectional
stability characters of thermodynamic average for classical system is not sufficiently understood so far. Our
recent study reveals that for classical discrete system, this property for a set of microscopic states satisfying
special condition can be well-characterized by a newly-introduced concept of ”anharmonicity in the structural
degree of freedom” of D, where these states are expected to be stably inversed to underlying PES, known with-
out any thermodynamic information. However, it is still quantitatively unclear how the bidirectional stability
character is broken inside the configuration space. Here we show that the breaking in bidirectional stability for
thermodynamic average is quantitatively formulated: We find that the breaking is mainly dominated by the sum
of divergence and Jacobian of vector field D in configuration space, which can be fully known a priori only
from geometric information of underlying lattice, without using any thermodynamic information such as energy
or temperature.
I. INTRODUCTION
Statistical mechanics provides us that when potential en-
ergy surface (PES) of the system is once given, macroscopic
properties (especiall, dynamical variables) in thermodynami-
cally equilibrium state can be reasonablly determined through
thermodynamic (so-called canonical) average, whose summa-
tion is in principle taken over all possible microscopic states
on phase space. Since number of possibles states consid-
ered astronomically increases with increase of the system size
and/or the number of components, a variety of theoretical
techniques have been developed to effectively predict macro-
scopic properties such as Metropolis algorism, entropic sam-
pling andWang-Landau sampling.1–4 Despite many successes
in the current classical statistical mechanics, it is still gener-
ally unclear how the canonical average can be stably bidirec-
tional between thermodynamically equilibrium structure and
underlying PES.
We recently find that the thermodynamic average can ex-
pected to be partially, bidirectionally stable for a set of mi-
croscopic state satisfying special condition on configurational
geometry, which is characterized by a newly-introduced con-
cept of ”anharmonicity in the structural degree of freedom”
of D known a priori without requiring any thermodynamic
information.5 Here we show that breaking in bidirectional sta-
bility of the thermodynamic average is further investigated,
by extending our previous concept of the anharmonicity. We
quantitatively derive the scaling factor of the breaking based
on divergence and Jacobian of vector field D, which roughly
indicates that sum of linear and nonlinear change in nonlinear
contribution of thermodynamic average essentially enhance
the bidirectional stability breaking. The details are shown be-
low.
II. DERIVATION AND DISCUSSIONS
A. Preparation for derivation
Before formulating the stability breaking, we first briefly
explain the basic concept of the anharmonicity in the structral
degree of freedom, D, which will play central role in the fol-
lowing discussions. Recently, we find that for a broad class
of classical systems (e.g., representative lattices such as fcc,
bcc, square and triangle, and liquids in rigid box), configu-
rational density of states (CDOS) for non-interacting system
can be well-characterized by multidimensional gaussian when
system size increases.6,7 We have confirmed this character
not only by comparing landscape of the practical CDOS with
ideal gaussian, but also by comparing even-order moments of
CDOS with those of gaussian.8 We also found that when the
CDOS is exactly given by multidimensional gaussian (here-
inafter, we call such ideal system as ”harmonic system”), ther-
modynamic average φth (β ) for structure becomes bijective to
underlying PES5,9 (β = (kBT )
−1
, where kB denotes Boltz-
mann constant and T is absolute temperature). Here, thermo-
dynamic average is explicitly given by linear map, i.e., by ma-
trix form Λ acting on PES, whose elements linearly depends
on β and geometric information about underlying lattice. Us-
ing these facts, our recent study introduce anhamonicity in the
structural degree of freedom,5 D, defined as
D(Q) = d
(
Q,
(
φth (β )◦Λ
−1 (β )
)
·Q
)
, (1)
where d ( , ) denotes distance function under Euclidean
metric, and Λ is given by9
Λik (β ) =−β 〈qi ·qk〉 , (2)
where 〈 〉 denotes linear average over all possible micro-
scopic structures: The most important point here is that the
averages are calculated for a non-interacting system. This di-
rectly means that we can construct the matrixΛ a priori with-
2out requiring any information about the many-body interac-
tions. Moreover, we have shown that image of the composite
map, φth (β ) ◦Λ
−1 (β ), is exactly independent of β . These
facts means that anharmonicity D is a measure of nonlinear
character for thermodynamic average (because for linear map,
D = 0), which purely reflects the geometric character of un-
derlying lattice without requiring any thermodynamic infor-
mation. Hereinafter, for simplicity, microscopic structure is
described measured from that at center of gravity in CDOS.
Althoughwe have qualitatively predict that microscopic struc-
ture with smaller magnitude of D have more bidirectional-
stability, it is still unclear how the stability is formulated by
D.
With the above preparation, we here consider classical
discrete system under constant composition, which typically
refers to substitutional multicomponent alloys. Microscopic
states on given lattice, Q, is described in terms of the corre-
sponding coordination
{
q1, · · · ,q f
}
where f denotes dimen-
sion of configuration space considered. We here employ coor-
dination based on generalised Ising model,10 providing com-
plete orthonormal basis functions. Under these definition, po-
tential energyU for any microscopic state is exactly given by
Up (Q) =
f
∑
i=1
〈
Up
∣∣qi〉qi (Q) , (3)
where 〈 | 〉 denotes the inner product, i.e. trace over
all possible microscopic states, and subscript p denotes the
choice of landscape of the PES. The present study describe
PES in terms of the above given coordinates
{
q1, · · · ,q f
}
, in
inner product form, i.e., Up =
(〈
Up
∣∣q1〉 , · · · ,〈Up ∣∣q f 〉).
B. Derivation of Bidirectional-Stability Breaking
The bidirectional stability breaking, B, can be natu-
rally defined based on the ratio of hypervolume dU(m) =
du
(m)
1 · · ·du
(m)
f and dQ
(m) = dq
(m)
1 · · ·dq
(m)
f , where PES in re-
gion dU(m) is mapped onto region of microscpic structure
dQ(m) through thermodynamic (canonical) average, φth:
R(m) =
dQ(m)
dU(m)
. (4)
Figure 1 shows schematic illustration of bidirectional stabil-
ity in terms of ratio of hypervolume dU and dQ. The fig-
ure qualitatively indicates that bidirectional stability is sat-
isfied for R(m) ≃ α , Q → U is unstable with R(m) < α and
U → Q is unstable with R(m) > α , where α is a certain con-
stant: Here, the problem is how to determine α , providing
stablity condition. Since for U (0) = (0,0, · · · ,0) (i.e., non-
interacting system), corresponding canonica average should
results in Q(0) = (0,0, · · · ,0), we start from the condition that
dQ(0)/dU(0) provides bidirectional stability. With this con-
sideration, the stability breaking at microscopic structure m,
Q(m) can be naturally defined as
B(m) = log
(
R(m)
R(0)
)
, (5)
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FIG. 1: Schematic illustration of bidiretional stability relationships
in terms of ratio of hypervolume dU and dQ.
which means that B = 0 is stable, B > 0 is U → Q unstable,
and B < 0 is Q →U unstable.
To quantitatively formulate B for individual microscopic
structure, we first rewrite canonical average of structure along
coordination i in Taylor expansion form:
Qi (β )≃−
f
∑
j=1
u jri j +
1
2
f
∑
j=1
f
∑
k=1
u jukdi jk, (6)
where
u j = β
〈
U
∣∣q j〉
ri j =
〈
qiq j
〉
di jk =
〈
qiq jqk
〉
, (7)
and β is inverse temperature. We previously show that when
CDOS before applying many-body interaction to the system
is exactly identical to multidimensional gaussian, r.h.s. of
Eq. (6) excluding the second term becomes exactly identi-
cal to the thermodynamic average, corresponding to the lin-
ear map Λ where Λ−1 always exists. Therefore, the second
term of Eq. (6), corresponding to including multivariate third-
order moment of CDOS, represents nonlinear contribution of
theromdynamic average. We here focus on that the following
is satisfied:
R(m) =
∣∣∣∣∣J(m)
(
∂
(
Q1, · · · ,Q f
)
∂
(
u1, · · · ,u f
)
)∣∣∣∣∣ , (8)
where J(m) is Jacobian at Q(m). This corresponds to that when
thermodynamic average φ is a linear map w.r.t. {ui}, we find
that
∀m : J(m) = J(0) = const., (9)
which means that bidirectional stability is not broken for any
microscopic structure and PES, consistent with our previous
study. Meanwhile, Eq. (9) is not generally satisfied when φ
is a nonlinear map. With these considerations, bidirectional
stability should be broken due to nonlinear character of ther-
modynamic average, where we would like to formulate Bk
without using any thermodynamic information such as ui, but
using D derived only from geometric character of lattice.
3With these preparations, before formulating Bk for systems
with f -degree of freedom, we first show derivation with f = 2
in order to essentially capture how Bk is dominated by config-
urational geometry. Since at thermodynamic limit of N → ∞
(N is the number of lattice points in the system), Λ becomes
diagonal (i.e., r12 ≃ 0, which immediately leads to
J
J(0)
− 1 ≃−
1
r11
(u1d111+ u2d112)−
1
r22
(u1d122+ u2d222)+
1
r11r22
(u1d111+ u2d112)(u1d122+ u2d222)
−
(r12)
2
r11r22
+
2r12
r11r22
(u1d112+ u2d122)−
1
r11r22
(u1d112+ u2d122)
2 . (10)
In order to describe Eq. (10) in terms of information about
anharmonicity, D, we should apply the transformation of ul =
−Ql/rll:
J
J(0)
− 1 =
Q1d111
(r11)
2
+
Q2d222
(r22)
2
+
Q1d122+Q2d112
r11r22
+
(Q1)
2
{
d111d122− (d112)
2
}
(r11)
3
r22
+
Q1Q2 (d111d222+ d112d122− 2d112d122)
(r11r22)
2
+
(Q2)
2
{
d112d222− (d122)
2
}
r11 (r22)
3
. (11)
Corresponding to Eq. (6), we have derived that anharmonicity
along chosen coordination i, Di, is expressed as
Di ≃
1
2
f
∑
j=1
f
∑
k=1
Q jQkdi jk
r j jrkk
. (12)
When we consider that anharmonicity D not as scalar, but as
vector field D =
(
D1,D2, · · · ,D f
)
, Eq. (11) can be rewritten
as
J
J(0)
= 1+ divD+ J
(
∂D
∂Q
)
, (13)
where Q =
(
Q1, · · · ,Q f
)
. Therefore, bidirectional stability
breaking at Q(m) is given by
B(m) ≃ log
∣∣∣∣∣1+ divD(m)+ J
(
∂D(m)
∂Q(m)
)∣∣∣∣∣ (14)
for f = 2. Note that for the special case of f = 1, Eq. (14) is
simplified to
B(m) ≃ log
∣∣∣1+ divD(m)∣∣∣ . (15)
Eq. (14) clearly indicates that bidirectional stability breaking
is due to the sum of linear change of nonlinear character in
φ , divD, and of nonlinear change in φ , J (∂D/∂Q). The most
important point here is that the breaking can be expressed only
by information about underlying geometry of lattice, without
using any thermodynamic information such as energy or tem-
perature. For systems with f > 2, we can show that by recur-
sively applying cofactor expantion to the Jacobian, Eq. (14) is
generalized to
B(m) ≃ log
∣∣∣∣∣1+ divD(m)+∑
F
JF
(
∂D(m)
∂Q(m)
)
+ J
(
∂D(m)
∂Q(m)
)∣∣∣∣∣ , (16)
where ∑F denotes taking summation over Jacobian for all pos-
sible subspaces for J
(
∂D(m)/∂Q(m)
)
. Therefore, for general
system with f degree of freedoms, interpretation of bidirec-
tional stability breaking B(m) in terms of vector field of anhar-
monicity, D is the same as in the case of f = 2.
4We finally note that since the breaking can be characterized
by divergence and Jacobian, the following trajectory of in-
troduced discrete dynamical system in future study becomes
important to geometrically capture the breaking character:
Q(t+1) =
(
φth (β )◦Λ
−1 (β )
)
·Q(t), (17)
where t takes non-negative integer value starting from zero.
From the definition of anharmonicity and the used transfor-
mation of ul =−Ql/rll , we have to analyze the vector field D
in terms of endpoint of the discrete trajectry, since we see the
stability breaking for Q(t+1) at Q(t).
III. CONCLUSIONS
We quantitatively formulate bidirectinal stability breaking
of thermodynamic average in terms of vector field of anhar-
monicity in the structural degree of freedom, D. The derived
formulation does not require any thermodynamic information,
indicating that purely geometric character of underlying lat-
tice plays essential role to determine the stability breaking.
We find that the breaking is mainly due to divergence and
Jacobian of D in configuration space, indicating that linear
and nonlinear change is nonlinear map character of thermo-
dynamic average enhance the bidirectinal stability breaking.
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